Abstract. Devinatz, Nussbaum and von Neumann established some important results on the strong commutativity of self-adjoint and normal unbounded operators. In this paper, we prove results in the same spirit.
Introduction
First, we assume that all operators operators are linear. Bounded operators are assumed to be defined on the whole Hilbert space. Unbounded operators are supposed to have dense domains, and so they will be said to be densely defined. For general references on unbounded operator theory, see [23, 24, 27, 30] .
Let us, however, recall some notations that will be met below. Recall too that the unbounded operator A, defined on a Hilbert space H, is said to be invertible if there exists an everywhere defined (i.e. on the whole of H) bounded operator B, which then will be designated by A −1 , such that
where I is the usual identity operator. This is the definition adopted in the present paper. It may be found in e.g. [3] or [11] . An unbounded operator A is said to be closed if its graph is closed; symmetric if A ⊂ A * ; self-adjoint if A = A * (hence from known facts self-adjoint operators are automatically closed); normal if it is closed and AA * = A * A (this implies that
It is also worth recalling that normal operators A do obey the domain condition D(A) = D(A * ). Commutativity of unbounded operators must be handled with care. First, recall the definition of two strongly commuting unbounded (self-adjoint) operators (see e.g. [23] 
):
Definition. Let A and B be two unbounded self-adjoint operators. We say that A and B strongly commute if all the projections in their associated projection-valued measures commute.
This in fact equivalent to saying that e itA e isB = e isB e itA for all s, t ∈ R.
We shall use the same definition for unbounded normal operators.
Nelson [19] showed that there exists a pair of two essentially self-adjoint operators A and B on some common domain D such that
(
but e itA and e isB do not commute, i.e. A and B do not strongly commute.
Based on the previous example, Fuglede [7] proved a similar result. Hence an expression of the type AB = BA, although being quite strong since it implies that D(AB) = D(BA), does not necessarily mean that A and B strongly commute.
There are results (see e.g. [7] , [19] ) giving conditions implying the strong commutativity of A and B. For instance, we have 
The following improvement of Corollary 1 appeared in [20] Corollary 2. Let A be an unbounded self-adjoint operator and let B and C be two closed symmetric operators such that AB ⊂ C. If B has a bounded inverse (hence it is self-adjoint), then C is self-adjoint. Besides AB = C.
The research work on the normality of the product of two bounded normal operators started in 1930 by the work of Gantmaher-Krein (see [8] ). Then, it followed papers by Weigmann ( [31, 32] ) and Kaplansky [13] . Gheondea [10] quoted that "the normality of operators in the Pauli algebra representations became of interest in connection with some questions in polarization optics" (see [29] ). Similar problems also arise in Quantum Optics (see [2] ).
There have been several successful attempts by the author to generalize the previous to the case where at least one operator is unbounded. See e.g. [16] and [18] . One of the important considerations of the normality of the product of unbounded normal operators (NPUNO, in short) is strong commutativity of the latter. Indeed, the following striking result (which is not known to many) shows the great interest of investigating the question of (NPUNO):
Theorem 3 (Devinatz-Nussbaum, [5] ). If A, B and N are unbounded normal operators obeying N = AB = BA, then A and B strongly commute.
In this paper we weaken the condition AB = BA to AB ⊂ BA, say, and still derive results on the strong commutativity of A and B (in unbounded normal and self-adjoint settings).
When proving the normality of a product, we need its closedness and its adjoint. Let us thus recall known results on those two notions: Theorem 4. Let A be a densely defined unbounded operator.
( 
Lemma 1 ([30]). If A and B are densely defined and A is invertible with inverse
A −1 in B(H), then (BA) * = A * B * .
Lemma 2. The product AB (in this order) of two densely defined closed operators
A and B is closed if one of the following occurs:
For related work on strong commutativity, we refer the reader to [1, 20, 21, 26, 33] . For similar papers on products, the interested reader may consult [9] , [12] , [14] , [15] , [16] , [25] and [28] , and further bibliography cited therein.
Main Results
We start by giving a result on strong commutativity of unbounded normal operators. But we first have the following result on (NPUNO):
Theorem 5. Let A and B be two unbounded normal operators verifying AB ⊂ BA. If B is invertible, then BA and AB are both normal whenever AB is densely defined.
Proof. Since B is invertible,
By the Fuglede theorem ([6]), we obtain
Left multiplying, then right multiplying by B yield
But BA is closed, hence (BA) * BA is self-adjoint. Since B * B and A * A are also self-adjoint, Corollary 1 gives us
Very similar arguments may be applied to prove that
Thus, and since A and B are normal, we obtain
establishing the normality of BA.
To prove that AB is normal, observe first that thanks to the invertibility of B, we have
Since B is invertible, B * too is invertible. Thus by the first part of the proof, B * A * is normal and so is (AB) * = B * A * . Hence its adjoint (AB) * * = AB stays normal.
The hypothesis AB ⊂ BA is fundamental as seen in the following example:
Example. Let A and B be defined respectively by
where H 1 (R) is the usual Sobolev space. The operator A is known to be normal because it is unitarily equivalent (via the L 2 (R)-Fourier transform) to a multiplication operator by a complex-valued function.
As for B, it is clearly densely defined, self-adjoint and invertible. It is also easy to see that AB and BA do not coincide on any dense set.
Finally, let us show that N := BA (which is obviously closed) is not normal. We have
To compute N * , the adjoint of N , we should do it first for C ∞ 0 (R * ) functions, then proceed as in [14] . We find that
Then we easily obtain that
and
establishing the non-normality of N . As an application of the strong commutativity of unbounded normal operators, we have the following result (cf. [17] ): Proposition 1. Let A and B be two strongly commuting unbounded normal operators. Then A + B is essentially normal.
Remark. Recall that an unbounded closeable operator is said to be essentially normal if it has a normal closure (of course, this terminology has a different signification in Banach algebras).
Proof. Since A and B are normal, by the spectral theorem we may write
where E A and F B designate the associated spectral measures. By the strong commutativity, we have E A (I)F B (J) = F B (J)E A (I) for all Borel sets I and J in C. Hence
defines a two parameter spectral measure. Thus
defines a normal operator, such that C = A + B. Therefore, A + B is essentially normal. 
That is BA is self-adjoint. Whence and since AB ⊂ BA, Corollary 2 yields AB = BA. Thus, and by Theorem 2, A and B strongly commute.
We have a similar result for self-adjoint operators to that of Proposition 1
Corollary 6 (cf. [1] Proof. By Proposition 2, A and B strongly commute. Then, apply an akin proof to that of Proposition 1. For the last displayed equation just use the Trotter product formula which may be found in [23] .
In [5] it was noted that Theorem 2 does not have an analog in the case of unbounded normal operators. The counterexample is very simple, it suffices to take the product of two non-commuting unitary operators which is unitary anyway. Nonetheless, we have the following maximality result Theorem 6. Let A and B be two unbounded self-adjoint operators such that B is positive and invertible. Let C be an unbounded normal operator. If AB ⊂ C, then A and B strongly commute, AB is self-adjoint (whenever it is densely defined) and hence AB = C.
To prove it we need the following result: Proof. We may easily show that if P is a real polynomial, then P (S)T ⊂ T P (S). Now let f be a continuous function on σ(S). Then (by the density of the polynomials defined on the compact σ(S) in the set of continuous functions with respect to the supremum norm) there exists a sequence (P n ) of polynomials converging uniformly to f so that 
Let x ∈ D(f (S)T ) = D(T ).
Let t ∈ D(T ) and x = f (S)t. Setting x n = P n (S)t, we see that T x n = T P n (S)t = P n (S)T t −→ f (S)T t.
Since x n → x, by the closedness of T , we get x = f (S)t ∈ D(T ) and T x = T f (S)t = f (S)T t, that is, we have proved that f (S)T ⊂ T f (S).
Now we give the proof of Theorem 6:
Proof. Since AB ⊂ C and B is invertible, we get
It is also clear that AB ⊂ C implies that A ⊂ CB −1 . Hence, and since C is normal, the Fuglede-Putnam theorem (see [6] and [22] ) allow us to write
Left multiplying but B −1 , then right multiplying by B −1 give us
Since B −1 is bounded and positive, Lemma 3 allows us to say that B −1 and A commute. Hence B −1 A ⊂ AB −1 or just AB ⊂ BA.
By Proposition 2, BA is self-adjoint, and A strongly commutes with B. Therefore, by Corollary 2, we have AB = BA. Thus, and since self-adjoint operators are maximally normal, we deduce that AB = C.
